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Abstract. We describe the multisymplectic analysis of the constraints of 
the pseudoholomorphic embeddings of Riemann surfaces into strictly almost 
Kahler ambient manifolds inherited from diffeomorphisms of the ambient man- 
ifold. The non-integrability of the almost Kahler structure is an obstruction 
to the use of the manifestly non-covariant constraint analysis of the Dirac and 
Bergmann formalism. 

The ambient diffeomorphism deformations of first-order embedded subman- 
ifolds are examined. We find that the covariant Noether currents, correspond- 
ing to the inherited ambient diffeomorphism symmetry, satisfy a non-Abelian 
deformation algebra, the structure functions being the Cartan structure func- 
tions on the ambient manifold. 

We define the covariant kinematical phase space of pseudoholomorphic em- 
beddings (the symplectic 2-submanifolds of a symplectic manifold) explicitly 
as a subbundle of the covariant kinematical phase space of embeddings. The 
induced algebra of Noether currents satisfies the same algebra as before, the 
symmetry thus being preserved on this subclass of embeddings. 

The graded multisymplectic manifolds of the covariant Hamiltonian BRST 
formalism, developed by the author, are explicitly constructed for the sym- 
metry of embeddings and pseudoholomorphic embedding. We find that the 
"(supersymmetry) multiplet and its dualities" postulated by Witten arise nat- 
urally as the local fibre coordinates on the graded covariant phase space of 
pseudoholomorphic embeddings. The BRST algebra for the pseudoholomor- 
phic class is computed. The structure functions implicit in Witten's treatment 
of the topological sigma model arise as the Cartan structure functions in a 
Darboux basis on the ambient symplectic manifold. The BRST algebra postu- 
lated by Witten is thus derived as the BRST prolongation of the non-Abelian 
deformation algebra. 

This is the first consistent Hamiltonian formulation in the strictly non- 
integrable case. The kinematics of pseudoholomorphic embeddings is seen 
to be an exemplar of a class of constrained dynamical systems requiring, for 
their description, a multisymplectic formalism and therefore necessitating the 
introduction of a multisymplectic formulation of the classical BRST symmetry. 

Appendices are included containing material on the vielbeins employed and 
on identities of almost Kahler structures. 
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The study of multisymplectic geometry |5[ ^ ^ , 25 , 4^ arose in the context of the 
search for the geometric foundations of classical field theory ||, 18, ^ ^ 
In the paper [ p2| the author formulated a homological description of Marsden- 
Weinstein multisymplectic reduction in the generic context of free and proper group 
actions on multisymplectic manifolds. The paper which followed returned to 
the specific context of those multisymplectic manifolds which form the geometric 
foundations of field theory and described the geometric apparatus necessary to 
formulate the BRST symmetry in the multisymplectic setting. 

In we applied the covariant Hamiltonian BRST formalism to the field the- 
ory of Yang and Mills. We discovered that the covariant Noether currents gen- 
erating the gauge symmetry were polynomial in the canonical observables. This 
is rather interesting as these covariant Noether currents are therefore of a simpler 
form than the corresponding non-covariant Noether currents which depend upon 
the derivatives of the momenta. However, the simplification of a model with a 
known Hamiltonian BRST formulation, does not immediately convince one that a 
covariant Hamiltonian formalism is necessary. What one requires is a model which 
cannot be formulated in a non-covariant Hamiltonian formalism. We examine such 
an example in this article. 

In recent studies of fundamental physics the notion of "particles" <^=> "curves" as 
fundamental dynamical objects has been extended by the notion of "p-branes" 
"p-dimensional submanifolds" . Corresponding to the single parameter of curves 
are several parameters, the intrinsic (local) coordinates on the embedded manifold. 
There is therefore no obvious choice of single evolutionary parameter, that is, time. 
By making a choice of a hypersurface one is however able to enforce a distinction 
and treat the system as an infinite dimensional classical mechanical system. Then so 
long as any constraints of such a theory are describable in terms of functions of the 
derivatives of the induced coordinates with respect to the single time parameter of 
the (n-|-l) formalism, the generalised Dirac-Bergman Hamiltonian formalism may 
be applied to their study. That is, the generalised Dirac-Bergman Hamiltonian 
formalism may be applied if the constraints are functions, (j), of the form (j){u^ ,pj) w 
where the are the generalised coordinates and pj are the generalised momenta 
defined by :— dC/du'Q where £(a;", ,u\) is the Lagrangian characterising the 

dynamical system, a;" are the independent variables and u-'q is the time derivative 
of generalised coordinates, viz. the generalised velocity. 

However one can imagine a more generic situation where a defining constraint 
on a class of embeddings is such that the constraints depend quintessentialy on the 
derivatives of the induced coordinates with respect to all of the several independent 
variables. That is, the constraints are of the form w where the are the 

generalised coordinates and are the multimomenta defined by := dC/du\ 
where C{x°' , , ^) is the Lagrangian characterising the dynamical system, a;" are 
the independent variables and w-j'^ are the derivatives of generalised coordinates 
with respect to all of the independent variables, viz. the multivelocity. 

An example of such a constraint is that defining the embedding, (p, of a pseudo- 
holomorphic curve (5],e) into a strictly almost Kahler manifold (M,a;, J), e being 
the complex structure on S, uj being the symplectic structure on M, and J being the 
strictly almost Kahler structure on M. The commutative diagram in Figure ^ defines 
pseudoholomorphicity, where ^* is the push-forward induced by the embedding (jj. 
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Figure 1. Pseudoholomorphic embeddings. 



The strictly almost complex structure (this means an almost complex but not 
complex structure) arises by virtue of the fact that M is symplectic. For every non 
degenerate two form on a symplectic manifold M there exists a compatible almost 
complex structure J . Every symplectic manifold therefore carries a compatible 
almost complex structure. As a consequence of the closure of the symplectic 2- 
form the compatible almost complex structure on a symplectic manifold with a 
given Riemannian metric is in fact an almost Kahler structure JTot . Examples of 
symplectic manifolds with an almost Kahler structure which is not Kahler have been 
constructed in What is to follow is not therefore a vacuous exercise. 

Let the local real analytic coordinates on S be {x°')a=i,2 and the real analytic 
coordinates on M be (u'')i=i^... ^dim m- The pseudoholomorphicity embedding condi- 
tion, expressed in terms of the multimomenta, takes the formPl: 



Note that we place emphasis here on the case of a strictly almost complex structure 
J on the ambient manifold. It is only in this case that the author contends that the 
multisymplectic formalism is indispensable. For let us suppose that the almost com- 
plex structure is integrable, i.e. we have an integrable Kahler structure. Then there 
exist global (anti-) holomorphic coordinates on the ambient manifold: 
The pseudoholomorphicity condition then becomes u^^e^ = J^vf^a — ^'^b'^'a = 
This equation tells us that the embedding is holomorphic so that the constraint is 
expressible in terms of the vanishing of a single generalised velocity, viz: 



where (z, z) are the global (anti-) holomorphic coordinates on the embedded Rie- 
mann surface. As a consequence one may use the Dirac-Bergman formalism in the 
integrable has been done in the literature|^. In the non-integrable case one 

cannot write the pseudoholomorphic constraint equation in terms of a single mo- 
mentum. This prevents one using the usual manifestly non-covariant Hamiltonian 
formalism. The multisymplectic formalism is well suited to this type of constraint. 
The non-integrability of the almost Kahler structure is seen to be an obstruction 
to the use of the Dirac-Bergman formalism. 

^ This may be explicitly verified by taking the standard form of the constraint for pseudoholo- 
morphic mappings, viz. u^^t^ = JjU,^ and Legendre transforming the usual constraint written in 
terms of the multivelocities. We shall not introduce the action in this paper as we emphasise here 
the power of the natural geometric structures of the multisymplectic formalism in determining 
dynamical structures. 

■^Note that the primary interest in the theoretical physics community has been with the inte- 
grable case. This is because the ambient manifold was invariably chosen, due to physical grounds 
related to string theory, to be a Calabi-Yau manifold, which possesses an integrable Kahler struc- 
ture. The non-integrability assumes importance here as an exemplar of a field theory requiring 
multisymplectic geometry for its Hamiltonian description. 



(1) 
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In this article we study the particularly illuminating example of pseudoholomor- 
phic mappings. We consider the kinematics of pseudoholomorphic mappings into 
a strictly almost Kahler manifold. We are able to elucidate the origin of the non- 
Abelian deformation algebra corresponding to the infinitesimal deformation of the 
pseudoholomorphic maps into almost Kahler manifolds first implicitly introduced 
by Witten in |Q. In the only literature on the Hamiltonian BFV formulation 
following Witten's paper one finds the assumption that the deformation algebra is 
Abelian, which is one reason why the BRST algebra was postulated, see j2^, rather 
than derived from an underlying symmetry. The deformation algebra is in fact only 
Abelian locally. The global symmetry is inherited from the diffeomorphisms of the 
ambient manifold and as such is non- Abelian. 

In this paper the ambient diffeomorphism deformations of embedded subman- 
ifolds are examined. We find that the covariant Noether currents satisfy a non- 
Abelian deformation algebra, the structure functions being the Cartan structure 
functions on the ambient manifold. We define the covariant kinematical phase 
space of pseudoholomorphic embeddings explicitly as a subbundle of the covariant 
kinematical phase space of embeddings. The induced algebra of Noether currents 
satisfies the same algebra as before, the symmetry thus being preserved on this 
subclass of embeddings. The graded multisymplectic manifolds of the authors co- 
variant Hamiltonian BRST formalism developed in [p3| are explicitly constructed 
for the symmetry of embeddings and pseudoholomorphic embedding. We find that 
the "(supersymmetry) multiplet and its dualities" introduced by Witten arise nat- 
urally as the local fibre coordinates on the graded covariant phase space of pseu- 
doholomorphic embeddings. The BRST algebra for the pseudoholomorphic class is 
computed. The structure functions implicit in Witten's treatment of the topologi- 
cal sigma model arise as the Cartan structure functions in Darboux coordinates on 
the ambient symplectic manifold. The BRST algebra postulated by Witten in 
is thus derived as the BRST prolongation of the non- Abelian deformation algebra. 
This is the first consistent Hamiltonian formulation in the strictly almost Kahler 
case in the literature. 

Nowhere in this paper will we introduce an action. The kinematics is described 
entirely in terms of natural geometric structures. This suggests that the multisym- 
plectic formalism might be of utility in studying those models for which an action 
is either not known or argued not to exist. Such models have arisen in the study 
of brane dynamics, in particular there are arguments that suggest that an action 



for the the M-theory five brane should not exist |47, Much recent progress in 



studying such models has been made using a purely geometrical formalism known 
as the superembedding approach |5 L Furthermore calibrated submanifolds play 



a central role in these models 15, ^ l|, g|. Analogous to the pseudoholomorphic- 
ity embedding condition, these calibrated submanifolds possess a set of equations 
known as the Monge- Ampere equations. This area might be a particularly fertile 
ground in which to seek more examples of dynamical constrained systems which, 
like the case of the pseudoholomorphic mappings into strictly almost Kahler man- 
ifolds, require a covariant Hamiltonian formalism. For example, Mark Gross [ p^ 
has suggested that the study of pseudo-holomorphic curves on symplectic manifolds 
with an almost complex structure is analogous to the study of special Lagrangian 
submanifolds (i.e. with the associated Monge-Ampere equations) on a complex 
manifold with an almost symplectic structure. 
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Another motivation for studying the muhisymplectic formulation of field theory 
is the hope that a quantisation framework might arise which would be inherently 
free of the need for renormalisation. The same underlying philosophy was already 
evident in Dirac's attempts to reformulate classical electrodynamics, both as a 
two dimensional field theory and in terms of the dynamics of streams of matter 
Tl],|l|,|l3[|l^,|l. Recent progress has been made in developing a quantised version 



of the covariant Hamiltonian formalism, see ||3C|, |31 
An outline of this paper is as follows: 



• §1: We recall here Witten's postulates and heuristic construction of the topo- 
logical sigma model. 

• §2: The multisymplectic formulation of the kinematics of first order embedded 
submanifolds is described. The ambient diffeomorphism deformation sym- 
metries of first order embedded submanifolds are examined. We find that 
the covariant Noether currents satisfy a non-Abelian deformation algebra, 
the structure functions being the Cartan structure functions on the ambient 
manifold. 

• §3: We define the covariant kinematical phase space of pseudoholomorphic 
embeddings explicitly as a subbundle of the covariant kinematical phase space 
of embeddings. 

• §4: The algebra of Noether currents induced upon the subbundle of pseudo- 
holomorphic embeddings is shown to satisfy the same algebra as the original 
symmetry, the symmetry thus being preserved on this subclass of embeddings. 

• §5: The graded multisymplectic manifolds of the authors covariant Hamilton- 
ian BRST formalism are explicitly constructed for the symmetry of embed- 
dings and pseudoholomorphic embedding. 

• §6 In p6| Witten postulated a certain nilpotent symmetry of a (supersym- 
metry) multiplet. We find that the "(supersymmetry) multiplet and its du- 
alities" introduced postulated by Witten arise naturally from the local fibre 
coordinates on the graded covariant phase space of pseudoholomorphic em- 
beddings. The nilpotent symmetry which Witten postulated is shown to be 
the covariant BRST symmetry arising as the BRST prolongation (see [p3| ) 
of the non-Abelian deformation algebra derived in §4. The BRST algebra for 
the pseudoholomorphic class is computed. 

• §7 The structure functions implicit in Witten's treatment of the topological 
sigma model are shown to arise as the Cartan structure functions in Darboux 
basis on the ambient symplectic manifold. The BRST algebra postulated by 
Witten is thus derived as the BRST prolongation of the non-Abelian defor- 
mation algebra. 

• Appendices are included containing material on the viclbeins employed and 
on identities of almost Kahler structures. 



Throughout this paper we use the vertical formalism of Kanatchikov, a brief review 
may be found in For further details see Kanatchikov's original papers ^ 



We freely use the material contained in the papers p2l 23 



throughout this 

paper, and therefore assume that the reader has these references to hand. This is 
a unavoidable consequence of the fact that this paper is a direct application of the 
structures expounded in |22, |2^. To have made this paper self contained would 



have involved an unacceptable amount of repetition. 
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1. Witten's postulates. 

In this section we shall describe to the reader the formulation of the model and 
the postulated algebra as originally given by Witten . Although the arguments 
are of the type common in the supersymmetry literature they are heuristic in nature, 
and from the point of view taken in this paper, mask the true origin of the ground 
from which the structures Witten defined actually arise. The aim of this paper is 
to elucidate this ground. 

As explained in the foreword the basic idea is to consider embeddings of a Rie- 
mann surface E into a symplectic manifold M, viz. 

(2) : E — > M :: (f) : x°' — > u\x°'). 

Witten then defined a multiplet by introducing the following field structures: 

• the local embedding coordinates. 

• x'(^")- an anticommuting section of 0*(TAf). 

• g^: an anticommuting field ((3—1,2 a tangent index to E, and i — 1, . . . ,m 
runs over a basis of (j)*{TM)), obeying the "self-duality" constraint: 

• i?"': a commuting field {P—1,2 a tangent index to S, and i — 1, . . . ,m runs 
over a basis of (p*{TM)), obeying the "self-duality" constraint: 

(D2) H^'e'^ = H°'^J] 

Clearly the "self-duality" constraints where inspired by the pseudoholomorphic em- 
bedding condition (|l|). 

Then Witten "postulated" the following "fermionic" transformation laws: 

(PI) 6u'{x")=ex"{x") 
(P2) 5x*(x") = 



The two transformations (P2) and (PI) are the usual nilpotent supersymmetry. 



(P3) Sgl = e{Hl + \eo.p{DuJ])x'' Q^') ~ eT)^x' qI 



The rather complicated structure of the transformation (P3) is explained by Wit- 
ten as follows: The term proportional to DkJ] is needed for "consistency" with 



the duality relation (Dl). The non-covariant term is needed for covariance un- 



der reparametrisation under the m*. The transformation (P3) is then regarded as 



defining so that any terms which might be added to the right hand side of 



(P2) could be absorbed in the redefinition of H. Finally Witten postulates the 
"unpromising-looking formula" : 

-Ux'DkJlKx'DiJng"' 

- eT],x'H'^'' 
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After a rather lengthy calculation, one finds that S^H"^ — 0. Witten then goes on 
to construct an action as a 5-variation of some functional of the fields. After the 
construction of this action Witten then derives the Noether current corresponding 
to the i5-variation symmetry, viz. 

(3) J"- = 9^JH^'X' + r'g^DkJ^jx'x' 

So summarising, in p6[ Witten: 

• Introduces the field multiplet and certain constraints inspired by the psuodoho- 
morphic embedding condition. 

• Postulates a Grassmann-odd Symmetry of this multiplet. 

In this paper we shall elucidate the ground from which the definitions and postulates 
of Witten arise. We identify the Noether current (||), an "a posteriori derived 
object" with the "canonical" Grassmann-odd momentum observable whose adjoint 
action (in the sense of the Leibniz bracket), generates the action induced by the 
prolongation to the graded covariant phase space of the original morphism of the 
configuration bundle. We shall see that all of the above structures are natural 
geometric structures on the graded covariant phase space of the authors covariant 
Hamiltonian BRST formalism as expounded in p^. In W6| Witten also formally 



introduces a generator Q which is said to generate the above transformations (PI) 



(P4) by the adjoint action of bracket {Q, •}. No explicit details of this formally 
introduced object are ever given. The notion that these transformations could be 
the transformations generated by a Hamiltonian BRST charge was taken up in pGf . 
But here the authors do not derive the above transformations but simply restate 
the postulates in the BFV language. In this paper we give substance to these formal 
statements. 

2. Ambient diffeomorphism deformations of first-order embedded 

submanifolds 

In the multisymplectic formulation of field theories the space of configurations 
of classical field theories is defined to be a bundle over some parameter space the 
sections of which are the fields of interest. In the case of embeddings the "fields" 
are the sections of the bundle: 

M X N 



N 

and as such are the graphs of the embeddings of N into M. Note that not all the 
fields of physics are sections of vector bundles, for here we have a bundle who's 
fibres are differentiable manifolds. The local coordinates on M are {u^)i=i^... _m and 
those on N be (j/^)p=i,... 

The covariant kinematical canonical phase space corresponding to "first order 
embeddings"£, is the vertical covariant canonical phase space bundle (e.g. as de- 
scribed in |£3|). The total space of this bundle is the afhne dual of the first jet 
bundle, J^n*, (see |3j), the base space is the to be embedded submanifold N. 
The local coordinates on the covariant canonical phase space bundle, adapted to 
the bundle tt are {y^ ,u'^ ,p^^). Note that because the configuration bundle is trivial 

"first order embeddings" : = "embeddings specified up to first order contact and no higher" . 
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we may choose the trivial connection 21=0 in this case the covariant canonical phase 
space bundle J^tt* is endowed with the following multisymplectic (n+l)-form pTf : 

(4) = du' Adpf; Ad"-^yf, 

where d^y is the volume form on N and d"^^?;^ :— J d^y. We then have: 

Definition 2.1. The vertical covariant canonical phase space of first order embed- 
dings is the quadruple {J^tt* ,t°, NjVX). 

In the multisymplectic formalism symmetries of field theories arise as morphisms 
of the configuration bundle which prolong to mutisymplectomorphisms of the co- 
variant canonical phase space. We are interested here in the possible symmetries 
of an embedded submanifold inherited from the ambient space. It will be this 



symmetry which will underly the postulated transformations (P1)-(P4) of Witten. 

We wish to consider the covariant multimomentum mapping arising from the 
vertical bundle morphism of the configuration bundle: 

Diff(M)x Identity 
M X N ^ M X N 



N 

given by the action of Diff(M) on the fibres tt^^{u) = M. The Lie algebra cor- 
responding to the infinite dimensional group of diffeomorphisms of M is denoted 
D(M) and is isomorphic to the space of all smooth vector fields on M, the corre- 
sponding diffeomorphisms being generated by the 1-parameter flows generated by 
the elements of D(M). 

We wish to construct covariant Noether currents which will encode the invariance 
of our embeddings under this ambient diffeomorphism symmetry. The key idea will 
be to make use of the fact that we may re-express the notion of diffeomorphism 
invariance in terms of vertical automorphisms of the frame bundle. 

Consider the automorphisms, AutJ-'(M), of the frame bundle (J^(M), 7r'^,M). 
GAut.?"{M) iff ^ is a diffeomorphism: 

(5) : T{M) ^ T{M) s.t. c^{\ ■ g) = 0(f) • g 

for each f Gjr(M) and for all g eG, where G is the structure group of jr(M). Such 
a (/) satisfies tt'^ o (/)(f • g) = tt'^ o 0(f) and hence determines a diffeomorphism of 
M defined by 

(6) 0(7r^f) :=^^o0(f). 

One therefore has a homomorphism j : AutJ^(Af) — > Diff(M). The kernel of 
this homomorphism, GauJ-"(M), is called the gauge group of the second kind, the 
structure group G being known as the gauge group of the first kind. One then 
clearly has the following short exact sequence of groups: 

(7) ^ GauJ'^(M) -^-^ kntT{M) — ^ Diff(M) ^ 

Correspondingly one has (see [^) the following short exact sequence of Lie alge- 
bras: 



(8) *-gauJ^(M) ^-^autJP(M) -^D(M) 

where: 
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• gavuF is the Lie algebra of G-invariant vertical vector fields, 

• autjr(M) is the Lie algebra of G-invariant vector fields, 

• D(M) the algebra of smooth vector fields on M. 

Let s be any section of ^(M) representing a Cartan moving frame, that is: 

(9) s:M^LT{M)::sa:u'-^0a:=E\-^ 

where the E\ are a (not orthonormal) vielbien basis (see Appendix I), and A = 
1, • • • ,m is an anholonomic index. Observe that a choice of moving frame (the 
section s^) thus corresponds to a choice of equivalence class in the quotient D(M)= 

autJ^(M) 
gau;P(M) ■ 




Figure 2 . Diff(M) as global gauge transformations of the second kind. 

The salient point is that the invariance under Diff(M) can be re-expressed in 
the form of a gauge invariance under a subgroup of vertical automorphisms of the 
linear frame bundle achieved by mapping all infinitesimal diffeomorphisms in M 
into infinitesimal gauge transformations of the second kind that take place along 
the fibres of J-{M), (see for a more detailed discussion). 

For any ip GDiff(M) we can define a corresponding Cartan transformation, D (?/;), 
by: 

(10) D(V') : s = {9 a) >-> s' := V,(5 o ^"1) 

to another frame s' with the same domain as that of s. Covering J^iM) with 
a bundle atlas of local trivialisations associated with local sections of J-{M), we 
can thus associate to each ijj eDiff(M) a vertical automorphism T){'ip) This 
gives a isomorphism between Diff(M) and a subgroup Gyi(E)iff(M)) of the vertical 
automorphisms of jr(M). Thus for each D('0) GGA(E)iff(M)) the action of the 
diffeomorphism ip GDiff(M) has been transformed into a gauge transformation of 
the second kind mapping the section s into another section s', see Figure |^. 

Given a choice of moving frame, Oa, any other can be obtained from it by virtue 
of a gauge transformation of the second kind. In this way one can generate from 
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any arbitrary equivalence class in 

(11) D(M) ^ 

^ ' ^ ' gauJ^(M) 

all others by the action of GA(Diff(M)). 

It is thus sufficient to show that our embedded submanifolds are invariant under 
the 1-parameter group of diffeomorphisms generated by an arbitrary choice of mov- 
ing frame, or equivalence class in D(M)= gau^(M) • M be a Riemannian manifold 
with metric g, of signature (p,q). Then we may reduce the structure group of the 
frame bundle to SO(p,q), and thus obtain the orthonormal frame bundle L^(M). 
We shall henceforth work with an orthonormal frame. We are free to choose the 
Levi-Civita connection on the the Riemannian manifold M. A Cartan moving frame 
satisfies the following algebra: 

(12) [0a,0b]^C{u)%9c 

where [ , ] is the Lie bracket on vector fields and C{u)'^g are known as the Cartan 
structure functions defined by: 

(13) ^BC ■~ ^BC ~ ^CB- 



The corresponding lifted momentum observable |18, ^ is: 

(14) 3a = Imtt.jitt* ° T*{(^A J = E\p^-dyf, =: p^dy^ 

We choose new coordinates on J^n*, viz. {y^,u\p'^). We shall also have occasion 
to use 0^ = Efdu^. In terms of these new coordinates the vertical multisymplectic 
potential takes the form: 

(15) Q"" =p^Xe^ Ady^ 

Then the vertical multisymplectic form may be written as: 

(16) = e^ fx dp>X A dy^ + ip^Csc^^ ^ ^'^ ^ dy^. 

The Hamiltonian vector field X[Jyi], solving the multisymplectic structural equa- 
tion, 

(17) x[3a] jn"" ^ d^dA 

is given by: 

(18) mD]^eD+p''ECf>G-^ 

The vertical exterior derivative is d^ := du^-^ + dp^-^. By a short computation 
we then have: 



Theorem 2.2. The Algebra generated by the covariant Noether currents is 
non-Abelian and is given by: 

where {3b, 5c} = X[5b] J d^5c- 



Remark 2.1. We argued earlier in this section that the ambient diffeomorphism 
invariance of first order embedded submanifolds could be encoded into the covariant 
Noether currents since they give a representation of the Lie algebra of the 1- 

parameter diffeomorphisms generated by an arbitrary choice of the Cartan moving 
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frame, or equivalently to an equivalence class in D(M)'^ °^auT(M) ' Theorem 2.i 
expresses the fact that the covariant Noether currents corresponding to the ambient 
diffeomorphism symmetry 

DiffiM) -.MxN—^MxN : : $ : (^(y), y) {'^u{y),y) 

acting by bundle automorphisms over the identity on E satisfy a non-Abelian alge- 
bra. 

Remark 2.2. Note that the Cartan structure functions are defined as the anti- 
symmetrised connections in the real analytic anholonomic basis. We may therefore 
locally choose a synchronous frame in which the connections and therefore the Car- 
tan structure functions vanish. In this way we see that the deformation algebra of 
Theorem 2.i may be locally Abelianised. We shall see below that the partic ular form 



of the structure functions needed to obtain the algebra of Witten nPj )- (P4 ) also 
depends on a special choice of local basis, viz. a Darboux basis. 



3. The covariant phase space of pseudoholomorphic maps 

We now turn our attention to a particular example of first order embeddings, viz. 
the pseudoholomophic embeddings of Riemann surfaces (E, e) with complex struc- 
ture e into an almost Kahler manifold with metric g, compatible almost complex 
structure J, and symplectic structure uj, viz. {M,u},g,J). Following the discussion 
in the last section we then have: 

Definition 3.1. The configuration bundle tt^ for the embeddings of Riemann sur- 
faces into a symplectic manifold is the triple {M x S,7r^,S). 

The kincmatical phase space is a particular subbundle of the vertical covariant 
canonical phase space of embeddings. In order to explicitly construct this subbundle 
we shall require an explicit coordinisation. 

In order to obtain coordinates with the correct dimensionality we now introduce 
the J-pseudoholomorphic anholonomic basis vielbeins on M, viz. (E",E,°*) and also 
vielbeins taking us from the analytic basis indices a on E to the complex analytic 
holonomic basis indices {k,k*), viz. {E^,E^*). See Appendix I for more details. 
In terms of these veilbeins one then has the identities: 



(19) 
(20) 
(21) 



Pl = EXES 
pT = E>f Er 



p:: = Ei^pfET 



The vielbeins have be so constructed that they are infact eigenvectors of the re- 
spective complex structures (see |Q). That is, 



(22) 






n fJ — 


~^EL 


(23) 






JiEr = 


-lET 


(24) 








~^EZ 


(25) 






P T^K* _ 

^a^P — 


-^ET 



12 



S.P.HRABAK. 



We then have the foUowing: 



a0 



Proposition 3.2. Ifpf satisfies the pseudoholomorphicity condition Jjpf = ^pP'j 
then: 

(26) p-* ^ and p:, ^ 



Proof. If pf satisfies the pseudoholomorphicity condition then: 

p2, = K*pfK 
= K.hJis';iP^]K 

(27) = -{^){-^)K*P?K 

then p^, = -p^, 
=^ n'' = 

That p'^* = follows by complex conjugation. □ 



Remark 3.1. One may easily verify that no constraints result from pseudoholo- 
morphicity on p"* nor p^- 

Proposition 3^ enables us to define the subbundle J^tt^^ by the vanishing of 
half of the components of the multimomenta. 

Definition 3.3. The subjective submersion P+ is the fibrewise map: 

(28) P+ : /vr*^ /tt;^ :: V+ : (pf) ^ (plp^^.p:* .p^l) ^ {p^MpT.) 



The local adapted coordinates on J^tt*j^ may therefore be written (x", u^,PaiP2t)- 
Let iji7r*| + ,ji7r* : — * J^TT* dcuotc the natural embedding of J^n*\+ into 

Definition 3.4. The vertical canonical covariant phase space of pseudoholomor- 
phic maps is {J^'k*'^,Q^) where iji7r*|^_ji7r**[f^^]- 

4. The induced ambient diffeomorphism deformations of 
pseudoholomorphic mappings 

In order to effect the analysis of the ambient diffeomorphism symmetry of psu- 
doholomorphic embeddings we now introduce new vielbeins taking us from the real 
analytic anholonomic basis with indices A to the J-pseudoholomorphic anholonomic 
basis (a,a*), viz (i?^,i?^*), see Appendix I. 

We may then induce the symmetry generated by the Noether currents and the 
niultisyniplectic potential from J^tt* to J^7r*|+ via the pull-back by iji^*|^ ji^^*. 
The induced objects are then: 

i^.*i+,ji.*(3A) = i*j.^.^^j.^.iE%p:Eyx^+EXp::K*d^c. 

(29) +EXp:,E^dx^+E%p:*E:M 

= E'XplEZdx^ + EXpHEZJxo. 
By a similar calculation one also has: 

(30) + - Elpie^ A dx, + El*p::e^ A dx^.. 
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Let us denote the pull-back of 3a by 5a |+ and the pull-back of 8 by 0| + . The 
multisymplectic form corresponding to 01+ is then: 

= E'Xe'^ A dp^ A dx^ + EX 9"^ A dp'^t A dx^, 

(31) - p:KE'^ + u;lE'/)e^ A dx. 

- p::{<e\ + ui:E^*)e^ a dx.. 



Where cu^ = FJi,^^'-^ are the corresponding connection 1-forms. Za\+ is a Hamilton- 
ian form w.r.t. ^2^1+ with Hamiltonian vector field given by: 

d 

(Cb)-^D ^ ^ (Cb*)-^D 
' Pa* \^ (Cb)^D + ^ (Cb*)^D l^d* 



^[Zd\+\ - 6d + Pai^tcb)ED + ^1cb*)ED)Ed 

d 



(32) 



{Cb)-^D ^ {Cb*)-^D ''^d*-Q^ 

d 
8 

+ ^Pa*l-L [Cb]^D + ^ [Cb*]-'^D )^d*-Q:^ 

By a rather lengthy, but straightforward calculation one then has the following re- 
sult: 



Theorem 4.1. The Algebra generated by the covariant Noether currents Za\ 
non-Abelian and is given by: 

{5s| + ,3c| + } = Gbc^a\ + 



Remark 4.1. Theorem shows us that the non-Abelian deformation diffeomor- 
phism symmetry of embeddings is inherited by the subclass of pseudoholomorphic 
embeddings. The origin of the remarks of Witten describing his construction of the 
algebra ^\)-{P4 ) that the algebra must be amended in order to be consistent with 



the "duality constraints" (Dl) and (Di) would thus seem to be at variance with the 
point of view taken here. However, if one works locally then the algebra of defor- 
mations can be Abelianised by choosing an synchronous frame (see Remark \2.^ ). It 
was shown in an earlier version of this preprint that one can still obtain Witten's 
algebra from the local Abelian algebra if one considers the algebra induced by an 
extrinsic embedding of J^'k*j^ into J^tt*. The approach originally taken by Witten 
thus seems to be this extrinsic point of view. The intrinsic point of view taken in 
this article has the advantage of: (i) clearly elucidating the origin of the symmetry 
in Diff(M), (ii) does not make use of an overdetermined coordinate system. 

5. The graded canonical kinematical phase space of 
pseudoholomorphic embeddings 

In this section we shall briefly describe the construction of the graded canonical 
kinematical phase space of pseudoholomorphic embeddings as follows from the gen- 
eral covariant Hamiltonian BRST formalism developed in ]2^ . In order to contain 
this section within a reasonable length we have assumed that the reader will have 
some familiarity this reference. 

Consider the natural projection i : M x E — > M. We may use this natural 
projection to pull-back the linear frame bundle LJF(M) onto M x S. One may 
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then construct the graded bundles of the covariant Hamiltonian BRST formahsm 
according to Figure || (reading from right to left): The triple {J^it^^-^*\^, t^, S) is 



ji^nL^ 




ji^nL^* I _ Sn^^^ ^ M X S -^—^ M 

Figure 3. The construction of the graded bundles. 

the sought after graded vertical covariant canonical phase space of pseudoholomor- 
phic emheddings. The construction is outlined as follows (see |23| for the general 
construction): 

• First construct the pull-back of the frame bundle as a bundle over M x S by 
the natural projection. 

• Then construct the Legendre bundle (i*[Ljr], tt'"-^^, S) where tt'^-^^ := tt o 
6*(7rL^). 

• The graded configuration bundle is then given by the inversion functor (see 
lH) to be (t*[LJf'], TT^L^^, E). The adapted local coordinates are {x°',u\ r]^). 
The T]^ carries an so(m) index and is Grassmann-odd. 

• One then constructs the graded multiphase space Stt^^-'^ over the graded 
configuration bundle according to the usual method. It is endowed with the 
tautologous canonical form: 

= p Ad'^x + pfdu' A dxa + V^d-q^ A dx^ 

• The graded covariant canonical phase space bundle of pseudoholomorphic em- 
beddings is then defined by the short exact sequence to be J^n^^''^ . It has 
local adapted coordinates {x" ,ri^ ,pf ,V2_)- 

Then just as in equation (n9h we also have: 



(33) 








+ E^PrE^.+E^*P-E«, 


(34) 


' a 




' a* 


— E'^ -P^E" 


(35) 


' a 


= E>^Er 


' a* 





in terms of the "combined vielbeins", see Appendix I. Moreover, 



Proposition 5.1. // and V\ satisfy the pseudoholomorphicity conditions 
r.pf = e^p| and J^VX = e;^P^ then: 

(36) pT = ; = ; VT - and V^, = 



Remark 5.1. As before, one may easily verify that no constraints result from pseu- 
doholomorphicity onpll, p1, 
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Definition 5.2. The subjective submersion P++ is the fibrewise map: 
(37) 

The local adapted coordinates on J^tt^^-'^ |+ may therefore be written in the 
following form: (a;" , , 77^ , p« , , , V^: ) . 

Definition 5.3. The graded extended covariant kinematical phase space of embed- 
dings IS the quadruple{J'^TT^^^*\ + ,Tl,'i:,Qy\ + ) whcren^'^\+ := (P++op)*[-de^^] . 

In terms of the local adapted coordinates on J^7r'^'"-^*|+ one has the following 
local expression for the induced vertical Cartan form: 

= Eie"^ A dpi A dx^ + E^xe"^ a dpZ a 

- E'Xdr]'^ A dV:; A dx^ - EXdij"^ A dV^: A dx^, 
~ P:HE\ + <.E^I) A 0^ A d:.. 

- K:K*i?A + ) A 0"-^ A dx.. 
+ K(c^fc"Si + c^fc^^i*) A djf A dx, 

+ V::{u:i*E\ + A d77^ A dx^, 

6. The BRST algebra of the ambient diffeomorphism deformations 
of pseudoholomorphic embeddings 



Recall that in Theorem 2.2 we proved that the algebra of the covariant Noether 
currents corresponding to the ambient diffeomorphism deformations of embeddings 
satisfied a non-Abelian algebra whose structure functions arc the structure functions 
of Cartan. That is: 

{2b,Zc} = Cj^c^A 

According to the general formalism developed in j2^ , the covariant BRST Noether 
current is the Grassmann-odd 1-form: 

(39) T = i^^Za - \Cicv''ri'^'P%dx^ 

We shall not pause to consider the BRST algebra generated by T but shall pass on 
to t he case of pseudoholomorphic embeddings. The algebra is given, as in Theorem 
by: 



4.1 



{5b|+,-3c|+} - Gj^c^A\+ 
The the covariant BRST Noether current is the Grassmann-odd 1-form correspond- 
ing to this algebra is the pull back T|+ = (P++ ° g)*[Tr] which is given by: 

(40) T|+ = ri^ZA\+ - ^CicV^'v^'ni+dxa 

where r2\+ = ^A'Pa^" + E^'P^* E"*. In order to calculate the BRST algebra we 
must first calculate the Hamiltonian vector fields corresponding to the observables, 
which are to be built from the "field content" of the theory. The "fields" in this 
case are the local fibre coordinates on {J^tt^^-^ | + , t° , S, il^|-|_).That is, the field 
content is: 
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We construct from this field multiplet the following Hamiltonian forms: 

(41) u'] 

(42) v^; Va\ + . 

The corresponding Hamiltonian form- valued (multi-)vector fields are: 



(43) 



d d d d 

X[u'] = E'- A — + E;,— A — 



(44) 



(45) 



d 

d 

-i-2K(rfc,,]i?|, + rf^H^^*)^^''^ 

B 

+ 2Pa*(l [Cb]^D + 1 [Cb*]^D '^d*-Q:p^ 



d 



dPe 



d 



d 



A 



d 



g^K* g-pn 



EL J- A 



'dp- 
d 



(46) 



The BRST algebra is then obtained by taking the interior product of the above 
form- valued (multi-) vector fields with the exterior derivative of T|-|_. The latter 
object may be expressed as: 

(47) 

By a straightforward calculation we then have: 



Theorem 6.1 (Ambient diffeo BRST Algebra: the pseudoholomorphic case). 
The BRST algebra corresponding to the dijfeomorphism deformation algebra of 
pseudoholomorphic embeddings is given by: 



(48) 5x1+ K] 

(49) 5t|+[x1 

(50) 5t|+[^a|+] 

(51) 6r\JU+] 



= X[u'] JdT = E^77^ =: x" 
^X[x']-idT\+ = 

- X[Pa\+] J dT\+ = -[^a\+ + C^cV^r^\+dx^] 

- X[U+] J dT\+ = v''C^M+ - ^[BAC'^c]v''v''n\+dxa 



The covariant derivative appears in the last term of the transformation (pl[) by 



virtue of identity (A. 12) in Appendix II 
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7. Relation to Witten's BRST algebra 
We can already see the beginnings of an emergence of Witten's algebra in Theo- 



rem 6.1. What is missing is the fact that the structure functions that are implicit in 
the construction of Witten involve the covariant derivatives of the almost complex 
structures. This form of the structure functions, as we shall show below, are in 
fact the Cartan structure functions expressed in a Darboux basis on M. They are 
therefore an artifact of the local geometry of the symplectic manifold M. Once we 
establish this fact the algebra of Witten then follows. 



Proposition 7.1. The Levi-Civita connection on a symplectic manifold, expressed 
in terms of a real anholonomic Darboux basis is given by the following expression: 

(52) Tb(j = ij^DsJc 



Proof. We perform all computations in a real anholonomic Darboux basis. Consider 
the compatibility equation between the almost complex structure J, symplectic form 
u! and metric g, viz. ujab = Ja9cb- Taking the covariant derivative of both sides 
and by use of the compatibility equation we find that: 

DfiWAS = {T)eJa)9cb 

(53) = -(DBJ^)J^jf 5GB 

— ~Jc^eJa)^fb 

Computing the covariant derivative in local Darboux basis on M: 

(54) D_Et^AB = -~2T^eUJfb 

On comparison of equations ( p3|) and (jHJ) one obtains (|5|). □ 
We then obtain the structure functions of Witten by antisymmetrising: 



Corollary 7.2. The Cartan structure functions in a real anholonomic Darboux 
basis on M are identical to Witten's structure functions, viz. 

(55) Cgc ■= -'^[BC] ^ h'^D^lB^c] 

Together with Theorem |6.1| , this Corollary then yields Witten's BRST algebra: 



Theorem 7.3 (Witten's Algebra). The BRST algebra corresponding to the dif- 
feomorphism deformation algebra of pseudoholomorphic embeddings in a real an- 
holonomic Darboux basis is given by: 

(56) Sruiu'] X[u'] J dT = E\7j^ =: 

(57) 

Sruix'] :=X[xlJdT|+ = 

(58) 

StuIVaW] nVA\+] J dT\+ = -[^a\+ + ^Jf,B[A-J^^rj^'r^\+dx^] 
(59) 

'5x1+ [3^1+] :=X[3a|+] JrfT|+ = 77^iJ^D[^jg]aD| + 

- i[(DAJ#)(DBjg) + J^Rab ^kJc + JF^CBJA]v''v'^'PZ\+dxc 
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Proof. The first three equations are obtained from those of Theorem 6.1 by direct 



substitution from equation (p5|). The final equation follows by substitution and by 



identity (A. 13) from Appendix II. □ 



Remark 7.1. x' io be identified with the anticommuting parameter introduced 
by Witten. We now see that the commuting field H^" is the multimomenta pf with 
one index raised, and the anticommuting field gf is the ghost multimomenta V" . 

Remark 7.2. The extra "...non-covariant looking terms..." which Witten 
added to his transformations do not occur here because we know the 1+ and 
the are geometrically local fibre coordinates on an affine bundle. They are 

therefore expected to transform affinely under reparametrisations of the m*. We 
have therefore achieved the aim of this section and given the first derivation of this 
BRST algebra in any Hamiltonian formulation of BRST. 
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Appendix I: Vielbein Identities 

We shall have use of three sets of vielbeins: 

• Real analytic anholonomic basis vielbeins on M. 

• J-pseudoholomorphic anholonomic basis vielbeins on M. 

• Complex analytic holonomic basis vielbeins on S. 

We collect together here the identities satisfied by these vielbeins. 

We denote the indices of the anholonomic orthonormal vielbein basis (for more 
details see [Q) on M by upper case Latin letters: A, B, - ■ ■ = 1, • • • , m and the 
coordinate basis by lower case middle Latin letters: i,j — 1, • • • , m. They satisfy 
the following identities: 



Real analytic anholonomic basis vielbeins on M: 



(RAl) E\Ef = 5^ E\Ef = S) 

(RA2) e^=Efdu^ §^^E\-^ 

(RA3) gih, Ob) : = Sab g.j - ^aK^ab 

The following characteristic of almost complex manifolds may be found in in ||2^ : 

Theorem 7.4. A necessary and sufficient condition for a differ entiable 2k- dimensional 
(2k=m) manifold M^^ to admit an almost complex structure is that on M^^ there 
exist two distributions lik o-nd Ilk of complex dimension k, which are conjugate to 
each other, have no common direction and span a linear space of dimension 2n. 

So by this theorem let (E^)a=i,... ,fc span 11^ and (E^^)a*=i^... span life. Since the 
2n vectors (E^, E^^)a,a*=i,- - ,fc are also linearly independent, the matrix (E^,Eq,) 
has an inverse which is denoted by (E^,E|*). Then the following hold: 



J-PSEUDOHOLOMORPHIC ANHOLONOMIC BASIS VIELBEINS ON M: 



(JAl) 




= Ob 




= Ob* 


(JA2) 


EiEf 


^ 




= 


(JA3) 




= S] 






(JA4) 


ga 


= E°dwJ 




= Efdu^ 


(JA5) 


Oa 









For more details see [^4 
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Since the almost complex structure on S is actually integrable we have the 
following holonomic vielbeins corresponding to the complex coordinate basis. 



Complex analytic holonomic basis vielbeins on S: 






(CHI) E^E^ = 5^ 


^K*^a - 


'-'fC* 




(CH2) E^E^* = 


rpa rpA 







(CH3) E«E^ + E«,E^*=,5^ 








(CH4) ^« = Eyx°' = dz'' 


QK* 




= dz''* 


d d 

(CH5) ^„ = E"— = — 






d 



We shall also need to make use of the following "combination vielbeins" on M, 
defined by E;^ := E^E^ and satisfying the following identities: 



"combination" 


ANHOLONOMIC BASIS VIELBEINS ON M: 


(CBAl) 






(CBA2) 


= 


E^.E^i = 


(CBA3) 


E^E^ + E^,E^*=5^ 
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Appendix ILOn almost Kahler manifolds 

We shall give a brief review and some useful geometric identities satisfied by of 
almost Kahler structures. Almost Kahler manifolds are one class of a richly struc- 
tured interrelated hierarchy of manifolds. Only the Kahler class has drawn much 
attention from the theoretical physics community, via the pre-eminence of Calabi- 
Yau manifolds in string theory^. This hierarchy^ may be depicted graphically as 
in Figure ^: where K, denotes Kahler, AJC denotes almost Kahler, MK. denotes 

AJC 

c c 
K. QIC d ASIC c An 

c c 
AflC 

Figure 4. The hierarchy of almost Kahler manifolds. 

nearly Kahler, QIC denotes quasi-Kahler, ASK, denotes almost semi-Kahler and 
ATi denotes almost Hermitian. All almost complex manifolds admit a Hermitian 
metric, and they are thus all almost Hermitian. The next most general class are 
the almost semi- Kahler manifolds. They are defined to be those almost Hermitian 
manifolds whose almost complex structure obeys the identity: 

(A.l) J, := -Dfcjf = 

One then obtains the quasi-Kdhler manifolds by imposing the identity: 
(A.2) DfcJ^' + J^D.Ji = 

At this point the classification bifurcates into two classes. The almost Kahler 
class was described in the introduction. The nearly Kahler class is obtained from 
the quasi-Kahler class by imposing the identity D[fcJ'] = 0. Finally both the almost 
Kahler and nearly Kahler classes coalesce to the "integrable" Kahler case upon 
certain extra conditions upon their respective almost complex structures. 

Having described the wider context in which almost Kahler manifolds fit we 
now detail some identities which are satisfied by the corresponding almost complex 
structure. Knowledge of the wider context will prove to be useful in proving the 
various identities which follow. 

As a consequence of the fact that the almost complex structure is an anti- 
idempotent endomorphism of the tangent bundle, viz J™ J" — —5"^, one finds that: 

(A.3) J^TDfeJr = -JrOfcJ™ or equivalently, J^S^Jf = -J^d^J^ 



^Although the almost Kahler class, in the form of symplcctic manifolds, is the axiomatic 
foundation of classical mechanics and plays a indispensable role in geometric quantisation. 
^For more details see |24l. 
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Now consider the tensor Gmij '■= ^JmnD[iJ"j which plays the role of structure 
functions for the non-Abelian deformation algebra. 



(A 4) - -5(D[i|J,„„)J"j] 

= -5(D[i|J^)J|j]t 

Gjim 

The tensor Cmij is therefore antisymmetric in all three indices. By virtue of the 
quasi-Kahler identity (A. 2) we have: 

Cmkl — — 5J"iJ[fc| J^jDrJsli] 

— —1 T" r> T 

— 2^ni^n'J[kl] 

= J^D([fc| Ji]|„) 

We now demonstrate that the covariant derivative of the structure functions satisfies 
an antisymmetry. More precisely: 

(A. 6) DgCmfci =: iDg{J"jD[fe|J„|,]} = iD[,| { J," D[|fc]| J„|;] } 

By virtue of the Leibniz rule the covariant derivative of the structure functions 
splits into two parts: 

(A. 7) DqCmkl = ^(Dg J^)(D[fc| J„|;]) + i (DgD[fc| J„[;] ) 

We shall establish the antisymmetry of each of these terms and thus of the whole. 
Consider the first term: 

(DqJm)(D[fe|J„|;]) = -(DqJj7)(Dfe]J„™) 

= (DqJ[;|,0(D|fe]J^) 

= -(OqJn[l)(X>k]'im) 
= ~(D[k\'i7n){^qJnW) 

where we have used the complete antisymmetry of the structure functions and have 
carefully raised and lowered using the covariantly constant metric on M. Now we 
consider the second term, the antisymmetry of which will follow by demonstrating 
that the following is true: 

(A.9) j;;,D(,D[|,)|j„|,] = 

To prove this consider the following: 

Jm^{q^lk)\Jn\l] = ^ {q^[l\'^ 7i\\k]) 

(A.IO) = j;;,D([,|Dfe]J„|,) 

= -Jni^llpnJ\(k]q) 

= 



where the second from last equality follows from (A. 5). We therefore conclude 
that DqCmki is antisymmetric in q and k as required, i.e. DqCmki is completely 
antisymmetric. This also holds in the real anholonomic basis so that D^Cbcd is 
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completely antisymmetric. It follows from the complete antisymmetry of DaCbcd 
that: 

(A. 11) D^CscD = DaCbcd 

and since the metric in the anholonomic basis is given by qab — Sab one finds that: 
OaGbcd — {OaCqjj)Seb- From which it follows: 

(A.12) OaG^^ = BaC^d 

By virtue of the Ricci identity, see |§, one has J™[Dq,Dfc]J," = J^RgS; 'VJ[ + 
J^RikJq- We then find (in the anholonomic basis): 

(A.13) DaC^c = [BaJFK^bSc) + JF^ab ^ k^c + Jf^cbJI 
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